Three-dimensional unsteady turbulent flow through the entire flow passage of a model Francis hydraulic turbine is simulated using the transition shear-stress transport turbulence model and verified with experimental data. Pressure oscillations with the original runner cone, an extended runner cone, an extended runner cone with grooves, and a round-top runner cone are analysed under five operating conditions. The computational results show that (1) runner cone design can change the distribution pattern of the vortex rope in the draft tube and narrow the zone of special pressure oscillation; (2) the dominant frequency of pressure oscillation in the draft tube at guide vane opening angle, ¼ 17 , is significantly decreased by runner cone design while the peak-to-peak amplitude increased; (3) varying guide vane opening alters the influence of runner cone design on pressure oscillation; (4) the modified runner cones are effective for low frequency pressure oscillations induced by the vortex rope in the draft tube but have little effect on blade frequency pressure oscillation induced by rotor-stator interaction; (5) the cavitation performance at ¼ 17 is decreased while that at ¼ 18 , 19 , and 20 is increased by runner cone design; and (6) the round-top runner cone is most effective in decreasing pressure oscillations and increasing turbine cavitation performance.
INTRODUCTION
Large Francis-type hydraulic turbines are widely used to cope up with the variable consumer power demand from hydroelectric sources. The Francis turbine is chosen for such applications because the design can operate over an extended range of flow rates and is not limited to a narrow optimal operating point [1] . To improve the stable range of operation, much research has been undertaken on the complex nature of turbine pressure oscillation. The Karman vortex near the guide vanes and the runner trailing edges, inter-blade vortices in the turbine runner, and the vortex rope in the draft tube are recognized as major contributors to pressure oscillations [2] [3] [4] . The presence of these vortices can lead to variation in power output, shaft vibration, and ultimately to runner blade damage. Some vibrations are hydraulic in origin; low frequency pressure oscillation can be induced by the formation of a helical vortex rope a little downstream of the turbine runner and by extending it to the draft tube [5] [6] [7] . Several practical solutions have been proposed to eliminate or mitigate these low frequency pressure oscillations. Papillon et al. [8] and Qian et al. [9] adopted air injection to reduce the pressure difference in the vortex rope. Susan-Resiga et al. [10] suggested a water jet projected from the crown tip to mitigate the vortex rope. Wei et al. [11] conducted model tests with four different runner cone geometries using the original runner cone as a control, and examining the effect of a short runner cone, an extended runner cone, and a runner cone with deflectors, analysing the frequency and amplitude of pressure oscillations in the draft tube. Liu et al. [12] simulated unsteady flow with an extended runner cone by computational fluid dynamics. Vevke [13] proposed a semitapered cone to suppress the formation and development of the vortex rope and measured the velocity in the draft tube by laser Doppler velocimetry. Qian [14] discussed the variation of the zone of special pressure oscillation using runner cones with different diameters, lengths, and air injection positions. However, the shape of the runner cone has not still been considered.
In this article, three-dimensional (3D) unsteady flow through the entire flow passage of a model Francis turbine is simulated using the transition shear-stress transport (SST) turbulence model. Four different runner cone designs are analysed, by using the original runner cone as a control, and comparing the performance with an extended runner cone, an extended runner cone with grooves, and a round-top runner cone, under five different operating conditions. Pressure oscillations in the draft tube, near the guide vanes, and in the spiral case are calculated and analysed using fast Fourier transform (FFT) methods.
NUMERICAL SIMULATION METHOD

Mathematical model
The Reynolds-averaged Navier-Stokes (RANS) equations for incompressible flow are as follows
where the Reynolds stress is ij ¼ Àu
The transition SST turbulence model is used. In this turbulence model, two more transport equations, one for intermittency and another for the transition momentum thickness Reynolds number g Re t , are added to the governing equations of the SST k À ! model. Menter et al. [15, 16] and Langtry et al. [17] provided detailed descriptions of the mathematical formulations of the transition SST model and the application of the technique to turbo machinery; this model is widely used to investigate the working of a hydraulic machinery.
The four governing equations of the transition SST turbulence model are defined as follows.
The equation for the intermittency is
The equation for transition momentum thickness Reynolds number g Re t is
The equations for the turbulence kinetic energy k and the specific dissipation rate ! are
The flow passage simulated in this article includes the spiral case, stay and guide vanes, runner, and draft tube. There are two rotor-stator interactions, between the guide vanes and the runner, and the runner and the draft tube. The sliding mesh model is used to simulate these rotor-stator interactions [18, 19] . The finite volume method is used to discretize the governing equations and a second-order full implicit scheme is adopted for time discretization; a second-order central-differencing scheme is used for the diffusion term and a second-order upwind scheme for the other terms. Pressure Implicit with Splitting of Operators, based on the higher degree of the approximate relation between the corrections for pressure and velocity, is applied to achieve pressurevelocity coupling [19] [20] [21] .
Physical model
The complete flow passage of the model turbine for this simulation is shown in Fig. 1 . The hydraulic head of the model turbine is H ¼ 30 m. The turbine comprises a spiral case, a runner with 15 blades, 24 stay vanes, 24 guide vanes, and an elbow draft tube. The operating conditions for the experiments and simulations are guide vane opening values () of 16 , 17 , 18 , 19 , and 20 . The runner rotation speed n ¼ 1125 rev/min and thus the rotation frequency, f n ¼ 18.75 Hz.
In this simulation, four different runner cones ( Unstructured meshes were used for the spiral case, turbine runner, and draft tube, and structured ones for the stay and guide vanes. About 901 000 cells formed the spiral case, 1 014 000 grid cells were used to model the stay and guide vane, 2 194 000 grid cells formed the runner, and 2 426 000 grid cells represented the draft tube. The total number of mesh cells was thus about 6 535 000. The y þ value in the walls was approximately 1 to capture the laminar and transitional boundary layers correctly. The mesh sensitivity was also analysed with three different mesh systems. The mesh system with about 6 535 000 grid cells was chosen in order to reduce computer cost. The time step for the unsteady simulation was 0.000 666 67 s, which is related to the turbine runner rotational speed and corresponded to 1/80th of the runner rotational period. The total computation time was 1.066 672 s or 20 rotational periods.
Recording points and sections
Thirty points located in the spiral case, near the guide vanes, and in the draft tube ( Fig. 3) , were chosen to record the time-varying pressures. Five points were placed on the surfaces S1 (S11-S15) and S2 (S21-S25), two on S3 (S31 and S32), four on S4 (S41-S44), and six on S5 (S51-S56). Three sections S0, S1, and S2 ( Fig. 3 ) were chosen to analyse the distribution of pressure. Section S0 lies below the runner cone and in the runner. The distances between S0 and the bottom of the runner cones were the same for all runner cones. Sections S1 and S2 were in the draft tube and their positions were the same for all cases.
Experimental measurements in the model turbine with the original runner cone installed in the test rig were conducted to verify the mathematical model. The operating conditions were guide vane opening ¼ 16 , 17 , 18 , 19 , and 20 . Three pressure transducers ROSEMOUNT AP6 E22 were located in the spiral case (P101), near the guide vanes (P201), and in the draft tube (S31) (Fig. 3) , and an HP 3566A PC Spectrum/Network Analyser system was used to record pressure oscillations for different guide vane openings.
COMPARISON OF EXPERIMENTAL AND COMPUTATIONAL RESULTS
The unsteady flows in the model turbines with the original runner cone and three modified runner cones were calculated under five operating conditions. Time-domain graphs of pressure oscillations at all points were obtained and the dominant frequencies and the amplitudes of the pressure oscillations calculated using FFT methods. A graph giving the variation of static pressure with time of point S31 at ¼ 18 with the original runner cone is shown in Fig. 4 . After about 0.21 s or four rotational periods, the variation of static pressure tended to be periodic. The data analysed in this article were sampled after regular pressure oscillation began. A comparison between experimental and computational results of the dominant frequencies ( f ) and the peak-to-peak amplitudes (ÁH/H ) at P101, P201, and S31 at ¼ 18 with the original runner cone is listed in Table 1 .
As shown in Table 1 , low frequency pressure oscillations appeared in the draft tube and the spiral case and the blade frequency oscillations near the guide vanes. The low frequency pressure oscillation is induced by the vortex rope and transferred upstream [19, 22, 23] , while the blade frequency pressure oscillation is induced by the rotor-stator interaction between runner blades and guide vanes [24] [25] [26] .
The computational dominant frequencies of the three points agree well with the experimental ones and the computational peak-to-peak amplitudes at P201 and S31 are also acceptable. Because the upstream pressure pipe was not included in this simulation (to reduce computer costs), the computational peak-to-peak amplitude at P101 is less than the experimental one.
PRESSURE OSCILLATION AND UNSTEADY FLOW CHARACTERISTICS
The variation of the dominant frequencies and the peak-to-peak amplitudes of pressure oscillations at S31 at ¼ 16 , 17 , 18 , 19 , and 20 with the original runner cone are shown in Fig. 5 . The calculated results show that the operating point at ¼ 16 is located in the zone of special pressure oscillation while the operating points at ¼ 18 , 19 , and 20 lie outside. The operating point at ¼ 17 is in the transient zone. The biggest peak-to-peak amplitude is at ¼ 18 , decreasing with ¼ 19 , 17 , 20 , and 16 .
The distributions of vortex rope behaviour at ¼ 17 and 18 with original runner cone at t ¼ 0.640 s are shown in Fig. 6 . The vortex ropes are strong helical swirls which form just downstream of the turbine runner and extend into the draft tube. Two interlacing vortex ropes are found at ¼ 17 , and so the dominant frequency is higher than that at ¼ 18 , 19 , and 20 , as shown in Fig. 5 .
Pressure oscillation in the draft tube
The helical vortex rope is recognized as the main contributor of low frequency pressure oscillations in the draft tube. The dominant frequency depends on the shape of the turbine runner, the runner frequency, and the degree of guide vane opening [18, 27, 28] .
In Tables 2 to 4 , the dominant frequencies and the peak-to-peak amplitudes of the pressure oscillations at S11, S21, and S31 with four runner cone designs at ¼ 16 , 17 , 18 , 19 , and 20 are listed. Cases 1 to 4 are used to represent the four turbines with the original runner cone, extended runner cone, extended runner cone with grooves, and round-top runner cone, respectively.
The dominant frequencies of pressure oscillations at S11 in the draft tube at ¼ 16 , 17 , 18 , and 19 at case 1 range from 0.279f n to 0.513f n (f n ¼ 18.75 Hz), while the dominant frequency at ¼ 20 is the fundamental frequency -as shown in Table 2 . In all three modified runner cones, the dominant frequencies at ¼ 16 , 18 , 19 , and 20 remain the same as those in case 1. However, the dominant frequencies at ¼ 17 are decreased in cases 2 to 4. The peak-to-peak amplitudes at ¼ 18 and 19 are decreased in cases 2 to 4, with a minimum in case 4. At ¼ 16 and 20 , the peak-to-peak amplitudes are decreased in case 4 and increased in cases 2 and 3. The peak-to-peak amplitudes at ¼ 17 are increased in cases 2 to 4, and that in case 4 is the minimum.
The dominant frequencies of pressure oscillations at S21 at ¼ 16 , 17 , 18 , 19 , and 20 in case 1 shown in Table 3 are the same as those at S11. The variations of the dominant frequencies and the peak-to-peak amplitudes at S21 are similar to those at S11 at ¼ 16 and 17 in cases 2 to 4. At ¼ 18 and 19 , the variations of the dominant frequencies at S21 are the same as those at S11, while the dominant frequencies at S21 at ¼ 20 are increased in cases 2 to 4. The peak-to-peak amplitude at ¼ 18 is increased in case 3, and decreased in cases 2 and 4 (the minimum).
The peak-to-peak amplitude at ¼ 19 is decreased in case 3 and increased in cases 2 and 4. The peak-topeak amplitude at ¼ 20 is decreased in cases 2 to 4, with a minimum in case 2.
In Table 4 , the variations of the dominant frequencies and the peak-to-peak amplitudes of pressure oscillations at S31 at ¼ 16 and 17 are similar to those at S11. The dominant frequencies at S31 with the four runner cones at ¼ 18 and 19 are the same as those at S11. The dominant frequency at ¼ 20 is increased from 1.7 to 5.11 Hz in case 1 and they remain unchanged in cases 3 and 4, while increasing to 13.74 Hz in case 2. The peak-to-peak amplitude at ¼ 18 is decreased in case 2 and increased in cases 3 and 4. The peak-to-peak amplitude at ¼ 19 is increased in cases 2 to 4. At ¼ 20 , the peak-topeak amplitude is decreased in cases 2 and 3 and slightly increased in case 4.
From the above analysis of the computational results in Tables 2 to 4 , it can be concluded that with varying guide vane openings, the influence of runner cones on low frequency pressure oscillation also varies. With the three modified runner cones, the dominant frequencies are changed in the same way. The dominant frequency can be decreased from 0.404f n to 0.243f n at ¼ 17 and the zone of special pressure oscillation becomes narrow with three modified runner cones. The round-top runner cone is the most effective among the three modified runner cones in decreasing the peak-to-peak amplitude.
Pressure oscillations in the guide vanes and spiral case
The dominant frequencies and amplitudes of the pressure oscillations at P201 near the guide vanes and those at P101 in the spiral case at ¼ 16 , 17 , 18 , 19 , and 20 are listed in Tables 5 and 6 .
The dominant frequencies of pressure oscillations near the guide vanes are blade frequencies induced by the rotor-stator interaction between runner blades and guide vanes. The variation of the peak-to-peak amplitudes is not significant with any of the three modified runner cone designs. The results indicate that the modified runner cones are effective for low frequency pressure oscillations induced by the vortex rope in the draft tube, but not effective for the blade frequency pressure oscillation.
The upstream pressure pipe is not included in this simulation, and so the simulated peak-to-peak amplitudes at P101 are very small -as shown in Table 6 . The variations of the dominant frequencies and the peak-to-peak amplitudes in the spiral case at ¼ 16 , 17 , 18 , 19 , and 20 are similar to those in the draft tube. These results provide further evidence that the low frequency pressure oscillations are induced by the vortex rope in the draft tube transfers upstream.
Analysis of pressure oscillation
The three modified runner cones are very effective in changing the dominant frequency and peak-to-peak amplitude of pressure oscillation in the draft tube at ¼ 17 and also effective for the peak-to-peak amplitude in the draft tube at ¼ 18 , 19 , and 20 . The vortex rope behaviour and pressure in sections S0, S1, and S2 are analysed as follows.
The patterns of vortex ropes at t ¼ 0.640 s, t ¼ 0.747 s, and t ¼ 0.853 s and the time-domain graphs of pressure oscillation at S21 with four runner cones at ¼ 17 are shown in Fig. 7 . The distributions of pressure at t ¼ 0.747 s in sections S0, S1, and S2 at ¼ 17 are sampled, as shown in Fig. 8 .
In Fig. 7 , there are two interlacing vortex ropes in the draft tube with the original runner cone and the dominant frequency at ¼ 17 is 7.58 Hz or 0.404f n , which is higher than that at ¼ 18 , 19 , and 20 . When using any of the three modified runner cones, only one helical vortex rope appears in the draft tube and the distribution pattern of the vortex rope is changed. Accordingly, the dominant frequency is decreased to 4.55 Hz or 0.243f n . The modified runner cones narrow the zone of special pressure oscillation.
However, the modified runner cones do increase the length of the vortex rope and the pressure differences in sections S1 and S2 are also increased -as shown in Fig. 8 . This contributes to an increase in the peak-to-peak amplitude of pressure oscillation at ¼ 17 . Comparing the pressure differences in sections S1 and S2 and minimum pressures in S0, the The effect of runner cone design on pressure oscillation characteristics in a Francis hydraulic turbine pressure difference with the round-top runner cone is the lowest and the minimum pressure the highest. Therefore, in the three modified runner cones, the round-top design is the most effective, in terms of the peak-to-peak amplitude of pressure oscillation in the draft tube and the cavitation performance of the turbine. The distributions of pressure at t ¼ 0.747 s in sections S0, S1, and S2 with four runner cones at ¼ 18 , 19 , and 20 are shown in Figs 9 to 11 , respectively.
The minimum pressures in section S0 increased in all three modified runner cones at ¼ 18 , as shown in Fig. 9 . In sections S1 and S2, the vortex cores with three modified runner cones are nearer to the centre of the tube. The pressure differences in S1 and S2 slightly increase in cases 2 and 3 and remain unchanged in case 4.
In Fig. 10 , the minimum pressures in section S0 in the three modified runner cone designs are increased at ¼ 19 , reaching a peak in case 3. The vortex cores are similar to those in Fig. 11(a) , being nearer to the centre of the tube with the three modified runner cone designs. The pressure differences in sections S1 and S2 are slightly increased in case 2 and decreased in case 4. The pressure difference is decreased in section S1 and remains unchanged in section S2 in case 3.
The minimum pressures in section S0 are also increased with the three modified runner cone designs at ¼ 20 , as shown in Fig. 11 , case 4 being optimal. The pressure difference is slightly increased in section S1 and decreased in S2 in cases 2 and 4. The pressure differences are slightly increased in sections S1 and S2 in case 3.
From the analysis of the computational results of pressure in sections S0, S1, and S2 at ¼ 18 , 19 , and 20 , it can be concluded that three modified runner cone designs do change the pattern of the vortex rope and consequently influence pressure oscillation. They improve the stability of the Francis turbine by decreasing the amplitude of pressure oscillation. The low-pressure zone below the turbine runner cone is one of the zones where cavitation usually appears [7, 29] . The three runner cone designs improved the cavitation performance of the turbine by increasing the minimum pressure in section S0. The round-top runner cone has advantages over the others in increasing turbine stability and cavitation performance.
CONCLUSIONS
The comparison of the computational and experimental results has shown that the RANS equations with the transition SST turbulence model can predict pressure oscillations and unsteady flow behaviour inside the turbine reasonably well. Pressure oscillation, unsteady flow behaviour inside the turbine, and the distribution of pressure in sections with four runner cones are analysed. The results are summarized as follows.
1. All three modified runner cone designs can change the distribution patterns of the vortex rope in the draft tube and narrow the zone of special pressure oscillation. The dominant frequency of pressure oscillation in the draft tube at ¼ 17 is significantly decreased, while the peak-to-peak amplitude increased with the three modified runner cones. 2. The modified runner cone designs are effective for low frequency pressure oscillations induced by the vortex rope in the draft tube, but are not effective for the blade frequency pressure oscillations induced by the rotor-stator interaction. If the degree of guide vane opening is varied, the influence of the runner cones on pressure oscillation is also changed. 3. The three modified runner cone designs decreased the minimum pressure in section S0 at ¼ 17 but worsened the cavitation performance, while improving the cavitation performance at ¼ 18 , 19 , and 20 . 4. The round-top runner cone design is the most effective one in decreasing the pressure oscillation and increasing the cavitation performance of the Francis turbine.
